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=l Introduction

Kepler's equation can be written f(f ) =0, wheref(f ) =f - esin(f ) - M, and wheref isthe
eccentric anomaly, M = nt is the mean anomaly, n is the mean motion, and eis the orbital
eccentricity. Let x be an approximation for the true solution f, and let d be the error in the guess:
f =x+d. Then we can expand f(x + d) in aTaylor series. For example, to third order we have

[ restart

[ with(DEtools)
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Lf(f)=f - esin(f)- M
Kepler ;= fn(rhs(%), f, e, M)
! Kepler :=(f,e M)® f - esin(f)- M
f(f ) = convert(expansion(f(x + d), d, 3), diff)
R 2 0 3
f(f)=f(x)+§%f(x)%d+lgﬂ—2f(x)id2+é? f(x )—d3
a

2 X ﬂx @

[ ODE =%
| Thisis equivalent to the differential operator form
(f ) = de2diffop(rhs( ODE), f(x), [ Dx, x]) f(x)
x i 2 3 0 ('j
f(f)=de2diffop§f(x)+§°ﬂ—f(x)§d+1? f(x)% SRl ? f(x) £, £(x), [Dx, X] £F(x)
{x [} 2 2 6 3
X 2 x 2 g

where the argument in parenthesisis a differential operator with Dx f = 1)( f.

=l Expansion in eccentricity

[ Take the old-fashioned approach and expand the solution in a polynomial in eccentricity.

[trlalsoln = proc(f, e, C, n::{ posint, name}) local k; f =sum(C[k]*e*k, k=0..n) end
[ Ne:=
trialsoln(f, e, C, Ne)
trial :=%
- 2 3 4 5 6
f—CO+C1e+C2e +C3e +C4e +05e +06e

[ Stick this back into the Kepler equation, then expand on eccentricity to get

subs(trial, Kepler(f, e, M) =0)

expansion(%, e, Ne)

egnx ;= %

& . A 3 51 2 1 20
g-sm(Co) EECZC C4C1 C3C - cos(C )5120 1 ECZ C1 C5 EC?:Cl T+ CG—
4 200 5

e6+aeC -cos(C)a?—C CZ+C 2 sin(C) C,C +iC -EC =e
ES 03221 4g 331241 2 2 oo

& _ 1 3060 2 03

+gC4+sm(CO) C2 Cl- cos(CO) ng- Ecl ——e +g23|n(C )C cos(CO) C2+C3ge
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2 : -
+(-cos(CO) C1+C2)e +(C1- sm(CO))e+CO- M=0

[ Solve successively for the coefficients. Wel'll write a quickie procedure to do this automatically.

xsolve ;= proc(expr::algebraic, var::name, coef::name)
local k, kmax, egn, sols,
kmax := degree( collect(expr, var), var);
sols:=[ 1;
for k from O to kmax do
egn := coeff(expr, var, k); sols := [ op(sols), isolate( subs(sols, egn), coef[ k] )]
od;
sols
L end

xsolve(lhs(egnx), e, C)
trial_coeffs := %

e . _ : _ 1. 3 2 .
gCO—M,Cl—sm(M),C2—cos(M)sm(M),C3—- 2sm(M) +cos(M)~ sin(M),

3 ®2 3 2 . 0 . _
C4—-sm(M) cos(M)+cos(M)g- 3sm(M) + cos(M) Sm(M)ECS_

3 ® 2 3 2 . 00
sin(M) cos(M)+cos(M)g-ésm(M) + cos(M) sn(M)E
&
&

sjn(lvl)ggcos(lvl)sjn(lvl)4

&
cos(M)g

et BN Ioo

sin(M)3+cos(M)23in(M)%sin(M) +2—14$in(M)4- icos(M)zsin(M)Z% Cq=

l\)ll—\

+sn(M)

& 3 e 2 3 2 . 60

- g-sn(M) cos(M)+cos(M)g-—sm(M) + cos(M) sm(M)iism(M)

@ 1 1 2. 3

g —sm(M) +cos(M) sin(M)= cos(M)sm(M) +cos(M)g—sm(M) —cos(M) sin(M)
e 3 3 e 2 3 2 . 00
+cos(M)g-—sm(M) cos(M)+cos(M)g-—sm(M) + cos(M) sm(M)gE

1 1 2 . 20

+sm(M)g-g-—sm(M) +cos(M) sin(M)= sm(M)+—sm(M) —cos(M) sin(M) E

-Eg%sin(M)3+cos(M)zsin(M)Esin(M)zgg

[ Check:
subs( %, egnx)

[ Hence, the approximate solution is
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subs(trial _coeffs, trial)

soln:=%
£ =M+g : 2 &1 3 2 03
= sin(M) e+ cos(M) sin(M) € +g— 2sm(M) + cos(M) sm(M)Be
® . 3 ® 2 3 2 . 00 4 @
+g-sm(M) cos(M)+cos(M)g-§sm(M) + cos(M) sm(M)gge +g
e 3 3 e 2 3 2 . 60
cos(M)g- 2sm(M) cos(M)+cos(M)g- 3sm(M) + cos(M) Sm(M)éTé
rin(M) B8 a3+ cosM)2 sin(M) 2sin(M) +— sin(M)? - = cos(M)2 sin(M)2 e + &
3 5 24 2 o &
. o . 4
sm(M)ggcos(M)sm(M)
& 3 e 2 3 2 . 60
- g-sn(M) cos(M)+cos(M)g-§sn(M) + cos(M) sm(M)EEsm(M)
@l 3 2 . 0 : 0 el 5 1 2 . 3
- E-ESIH(M) + cos(M) sm(M)gcos(M)sm(M)g+cos(M) Esm(M) -Ecos(M) sin(M)
®e 3 3 ® 2 . 3 2 . 00
+cos(M)g-Esm(M) cos(M)+cos(M)g-§sm(M) + cos(M) sm(M)gfﬂ
+sn(M al?aE-zlsin M 3+co M 2sin M Qsin M +isin M 4 }co M 2sin M 29
(M) & & - Sin(M)”+ cos(M)“ sin(M) Zsin(M) +__ sin(M)” - ~ cos(M)“ sin(M)=

lae 1l . (M)3+ s(M)2 . (M)Q . (M)ZQQ 6
- —g- —9n co sin zsin e
2% 2 7] o0

[ Plot just the coefficients.
plot

plot([ 0, seq( rhs(trial_coeffsk), k=2.Ne+1)],M=0..2p, color = mycolors,
labels=["M", "C(k)"])
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[ Plot the difference between the approximate solution and the mean anomaly M (which isthe
zeroth-order approximation), as afunction of eccentricity and M.

=] plot

[

|

pO := plot3d(0,M=0..2p,e=0.. 1, color = black)

pl:=

plot3d(rhs(soln) - M, M=0..2p,e=0.. 1, style = patchcontour, contours = 20, grid =[ 75, 75])
pIOtsdispIaySd([ pO, p1], orientation = [ 55, 70],

labels=["M", "€", cat("E(", convert(Ne, string), ")-E(0)")], lightmodel = light3)
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[ Plot only the highest-order term of the approximate solution.
=l plot

[ pO :=plot3d(0,M =0..2p,e=0...3, color = black)
pl := plot3d(rhs(trial_coeffs ) eNe, M=0.2p,e=0...3, style = patchcontour, contours = 15,

L grid=[75, 75])
plots . d([pO, pl], orientation = [ 55, 70],

display3
labels=["M", "¢e", cat("term ", convert(Ne, string))])

Ne+ 1
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Create afunction to numerically solve for the eccentric anomaly, then plot the error of the
approximate solution.

[ Keplersolve := proc(e, M) fsolve(E - e*sin(E) - M, E) end

=l plot

[ p0 :=plot3d(0,M =0..2p,e=0...3, color = black)

pl = plot3d(rhs(soln) - 'Keplersolve(e, M), M=0..2p, e=0.. .3, style = patchcontour,
L contours =15, grid =[75, 75] )
pIotsd.

lsplay3d([p0’ pl], orientation = [ 55, 70], lightmodel = light3,
labels=["M", "€", cat("E(", convert(Ne, string), ")-E")])
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L [ Ne :='Ne

=I Expansion in time

We would aso like to characterize the solution near a particular arbitrary time, say M o Substitute

M=M ot d and expand on d. For illustration, we look at just the second-order expansion.

=l long expression

expansion(subs(M =M __ +d, soln), d, 2)

0

el . 2 &1 ® . 2 20
f —g- 2sm(MO)e- Zcos(MO)sm(MO)e +g— 2sm(MO) g-sm(MO) +cos(MO) p

+1'MSZ M2_M+ae M2+_M29_M93+ae
4sm( O) -zcos( O) sin( O) g-cos( O) sin( O) bsm( O)Ee g

LR
2sm(Mo) cos(Mo)
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&, ® . 2 20 1 . 3 2 . 0
- gsn(Mo)g-sn(MO) +cos(Mo) E_Esn(MO) +2005(M0) Sn(MO)ECOS(MO)+
® 2 . x 2 20 1 . 3 23 2
cos(M )g-gsm(M )S—sm(M ) +cos(M ) ;+—sm(M ) 'ECOS(MO) sm(Mo)

x 3 2 0
+S cos(M ) +sin(M ) =sm(M )— —cos(M )g sm(M ) +cos(M ) sm(M )$

2
3
- sm(Mo)g 4sm(M0) cos(Mo)+cos(Mo) ;;e +§%03(M0) g—sm(Mo) cos(Mo)
1
- Egsin(MO) g-sin(Mo) +cos(MO) E-Esin(Mo) +2005(M0) sin(Mo)Ecos(Mo)+
cos(Mo)g gsin(Mo) ?sin(Mo)2+cos(M )22+}sin(Mo)3- 2—63cos(Mo)25in(Mo)
& 2 . 20 . e 2 . 3 2 . 0
+g-cos(Mo) +sm(Mo) ;sm(Mo)— —cos(M g gsm(Mo) +cos(Mo) Sm(MO)E
- sin(M )g 4S|n(M ) cos(M ) + cos(M ) ==
1 e 3 . & 2 . 3 2 . 00
- ECOS(MO) g Esm(Mo) cos(MO)+cos(Mo) g gsm(MO) +cos(Mo) Sm(MO);:a_fa_
sin(M )gsin(M )4- 9cos(M )Zsin(M )2+cos(M )§4sin(Mo)zcos(Mo)+cos(MO)3%
- sin(M )g —sm(M ) + cos(M ) sin(M )——+sm(M )ée
lee 1 : 0. : : 2 20
Eg Esm(Mo) +cos(MO) sm(MO)gsm(Mo)- g Esm(Mo) S'S'”(MO) +cos(MO) E
1 3 7 2 . 2 2 20 0.
+z_18m(MO) -Ecos(Mo) sm(MO)+g-cos(Mo) +S|n(M0) ;sm(Mo)Esm(Mo)
an,M2M+M3Q'M+i_M23e,M2+M29
_g_zgn( O) COS( 0) COS( 0) BCOS( O) 129”( 0) g_gn( O) COS( O) ﬂ
+1E3cos(Mo)zsin(Mo)2- icos(Mo)zgsin(Mo)2+cos(Mo)Zg
lee 2 . 20 . 20 1 |
ES cos(Mo) +S|n(|\/|0) f?’sm(MO) ; Esm(Mo)
el 3 2 . 9 1 4 1 2 29
gg 2sm(MO) +cos(Mo) sn(Mo)Bsn(Mo)+24sm(Mo) - 2cos(Mo) sm(MO) B+
cos(MO)ggisin(MO)3+cos(MO)Zsin(MO)%cos(Mo)

&7 2 30 . 7. 3 3 0
- g 2sm(MO) cos(MO)+cos(MO) Bsm(MO)+65m(MO) cos(MO)- cos(Mo) Sm(Mo)E
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05 & a & . 2& 2 20 2 20
Be +gsm(MO) gacos(MO) gzgn(Mo) g-sm(MO) +cos(Mo) E+4COS(MO) sm(MO) p

3 _ 4

- ZCOS(MO)Sm(MO)

+18e ) 3 @ 2 3 2 00 . x
2g-sm(Mo) cos(MO)+cos(Mo)g- 3sm(MO) +cos(Mo) 5‘”('\"0)559”('\"0)@

T 3
2sm(Mo) cos(Mo)

. ® . 2 20 1 . 3 2 . 0
- gsm(Mo) g-sm(MO) +cos(Mo) E_Esm(MO) +2cos(Mo) sm(Mo)gcos(MO)+
® 2 . x 2 20 1 . 3 23 2
cos(MO) g-gsm(Mo) S—sm(Mo) +cos(M ) ¥+—sm(Mo) - ECOS(MO) sm(Mo)

& 2 20 . 2 . 0
+g-cos(Mo) +sm(Mo) zsn(Mo)— —cos(Mo)g —sm(Mo) +cos(Mo) Sm(MO)E

. ® 2 00 . & 4
- sm(Mo) g-4sm(MO) cos(Mo)+cos(Mo) Eésm(Mo)- gsm(MO)
2 2 & | 2 30
- 3cos(M ) sm(M ) +cos(M )g-4sm(M ) cos(M )+cos(MO) E

- sin(M )g —sm(M ) + cos(M ) sin(M )——cos(M )

lae 1l
+5§e2 n(Mo) +cos(Mo) sn(MO) cos(Mo)sm(Mo) g

ig%gn(M ) +cos(M, ) sin(M,, ) cos(M )+g —sn(M )g sin(M ) + cog(M )

1. 37 . ® 200
+4sm(Mo) - 2005(M ) sin(M )+g-cos(M ) +S|n(M ) Tsm(MO)Ecos(MO)

g g sin(M )Zcos(M )+cos(M ) —sm(M ) sm(M ) - g
e 1
g 2sm(M ) +cos(MO) sm(Mo) sn(Mo)

&7 0 0 0 1. &
+g- Esm(Mo) cos(MO)+cos(MO) ECOS(MO)ECOS(MO)E- Esm(Mo)g
1 _ 4
ECOS(MO)Sm(MO)

® 3 22 3 2 . 00 |
- g-sm(Mo) cos(Mo)+cos(Mo) g-gsn(Mo) +cos(MO) sm(MO)%sm(M

&
&

Lo )3 2 0 NP 22 2 03
- 2sm(MO) +cos(Mo) Sn(Mo)BCOS(MO)Sn(MO)E+COS(Mo)gchS(MO) sn(Mo)

0
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1. 5
- E;Sm(MO)

*® 3 >® 2 3 2 00 x
- g-sm(MO) cos(Mo)+cos(MO) g gsm(Mo) +cos(MO) sm(MO)?acos(Mo)-g
_ 4 2 . 2 & . 2 30
sm(M ) - 3cos(MO) sm(MO) + cos(M )S—4sm(M ) cos(MO)+cos(Mo) z

sm(Mo)g —sn(Mo) +cos(Mo)25in(M sm(M

0 g5 3n(Mp)

I\)IH

: 2 . 0 ®
g sn(Mo) +cos(Mo) Sn(MO)BCOS(MO) g
e 1 3 2 0.
g Esm(M ) +cos(M ) sin(M )ism(M )
&7 &
+g Esm(M ) cos(M )+cos(M ) —cos(M ) sm(M ) +cos(M )g
2

ism(Mo) SZSin(MO) ?sin(Mo) +cos(MO) g+4cos(Mo) sin(M

1
—sin(M
120

O) g 240 O)
91 2 . 3
+£COS(MO) sn(Mo)
1 2. x 2 20 1 . 3 2 0
_ECOS(MO) gsm(Mo)g-sm(Mo) +cos(Mo) E-Esm(Mo) +2cos(MO) 5‘”('\"0)3
lee 2 20 3 a1 3
'ES'COS(MO) +sm(M0) zsm(Mo) +cos(Mo)ngm(Mo) cos(MO)
3ee, ® . 2 20 1 . 3 2 . 0
- Egsm(MO)g-sm(Mo) +cos(MO) E_Esn(MO) +2003(M0) Sn(MO)ECOS(MO)Jr
® 2 . x 2 20 1 . 3 23 2
cos(M )g-gsm(M )S—sm(M ) +cos(M ) ;+—sm(Mo) - ECOS(MO) sm(Mo)
® 2 3 2 . 0
+S cos(M ) +sin(M ) =sm(M )— —cos(M g gsm(Mo) +cos(Mo) 9”('\/'0)3
sm(Mo)g 4sm(M0) cos(M )+cos(Mo) =
1 &3 & 2 3 2 . 00
- ECOS(MO) g Esm(Mo) cos(MO)+cos(Mo) g gsm(MO) +cos(Mo) Sm(MO);?é'
_ B 4 9 2 . 2 ® | 2 30
S'”(MO)EES“(MO) _ECOS(MO) sm(Mo) +cos(MO) g-4sm(Mo) cos(Mo)+cos(Mo) ;
: e 2 3 2 . 00 . &
- sm(Mo) g gsn(Mo) +cos(Mo) sn(Mo)§§+sn(Mo)g

le1 3 2 0 el ® 2 20
Zg_ 2sm(MO) +cos(MO) Sn(MO)BSn(MO)' g 2sm(MO) g-sm(MO) +cos(MO) p
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1 3 7 2 . 2 2 20 0
+4sm(Mo) - 2cos(Mo) sn(MO)+g-cos(MO) +sm(MO) Esm(MO)Esm(MO)
*®e7 . 2 30 1 2 . 2 20
- g-zsm(Mo) cos(MO)+cos(MO) ECOS(MO)+ES'n(MO) g-sm(Mo) +cos(Mo) E
13 2 . 2 1 2x . 2 20
+ 5 cos(Mo) sm(Mo) - 2cos(MO) S—sm(Mo) +cos(Mo) p
le 2 20020 1
23 cos(Mo) +sm(M0) Bsm(Mo) E} 2sm(MO)
eel 3 2 . 0. 1 4 1 2 . 20
gg 2sm(MO) +cos(Mo) sm(Mo)Bsm(Mo)+24sm(MO) - 2cos(MO) sm(MO) B+
cos(MO) gaegae gsin(Mo)3+cos(MO)Zsin(Mo)%cos(Mo)
&7 . 2 30 | 7 . 3 3. 0
g-—sn(Mo) cos(MO)+cos(MO) :sm(MO)+—sm(Mo) cos(MO)- cos(Mo) Sn(MO)E
lel 20 lee
- Zg 2sm(M ) + cos(M ) sm(M ) gsn(M ) +cos(M ) = 5 2%
ésin(M )g-sin(M ) +cos(M ) $+lsin(M ) -gcos(MO) sin(MO)
- cos(M ) +sin(M ) =sm(M ) sm(M )
7 1 el
Esn(M ) cos(M )+cos(M ) —sm(M ) cos(M )— —cos(M ) Esn(M )
- Eg-gsin(M ) +cos(M ) sin(M )isin(M ) -Ecos(M ) sin(M )
+ cos(M )g Esm(M ) cos(M )+cos(M )g —sm(M ) +cos(M ) sin(M )::+

sn(Mo)

a?a[?}sin(M )3+cos(M )Zsin(M )gsin(M )+isin(M )4-}cos(M )Zsin(M 222
g& 29" Mg 0 0) %Mo) + 24 5n(Mg) -5 costMy 0 %
, 5 , 4 3 3. 2 B 4
sn(Mo)gz—Llcos(MO)sm(Mo) 'ECOS(MO) sm(MO) +cos(Mo)gEsm(MO)

9 2 2 & | 2 30

-—cos(M ) sm(MO) +cos(MO)g-4sm(MO) cos(Mo)+cos(MO) E

z 2 00
- sm(Mo)g sn(Mo) +cos(Mo) sm(MO);ﬂ

_ e 3 3 e 2 3 2 00
- sm(Mo) g 2sm(MO) cos(MO)+cos(Mo) g 3sm(MO) +cos(Mo) Sm(MO)éT;}fL
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kel 3 2 0
sin(M )gg Esn(Mo) +cos(Mo) Sn(MO)ECOS(MO)

I 2 30 7. 3 3. )
- g 2sm(MO) cos(MO)+cos(MO) Bsm(MO)+65m(MO) cos(MO)- cos(Mo) Sm(Mo)E

+cos(M)
®ex
§E
®
F
1
2

3 2 0. 1. 4 1 2 20
5 n(MO) +cos(Mo) sm(Mo)Esm(Mo)+2—43|n(Mo) _ECOS(MO) sm(MO) g
1 3 2 0 :
5 n(MO) +cos(Mo) Sn(MO)ECOS(MO)Sn(MO)

~

ae__MZ M MSQ'MZQQGQdZae M
g sin( O) cos( O)+cos( O) E’sm( O) EJEJGE +gcos( O)e

N

) 2 20 0 &7 . 2 30 3 ®. 4
+S—sm(Mo) +cos(Mo) ze +g- Esm(Mo) cos(Mo)+cos(Mo) Ee +1+gsm(Mo)

2 . 2 & . 2 30
- SCos(MO) sm(MO) +cos(MO) g-4sm(Mo) cos(Mo)+cos(Mo) p

. @2 3 2 60 4 @ a8 4
- sm(Mo) g-gsn(Mo) +cos(Mo) Sn(MO)EEe +gcos(Mo) ggsm(Mo)
- gcos(M )Zsin(M )2+cos(M )§4sin(M )Zcos(Mo)+cos(MO)3g
[

- sin(M )g —sm(M ) + cos(M ) sin(M )::

: & 3 e 2 3 2 00
- 9”('\"0)%'53'”('\"0) cos(MO)+cos(Mo)g-§sm(Mo) +cos(Mo) sm(Mo)gﬁ
sin(M a?a[?}sinM 3+co M 2sinM gco M

(Mg) §- & 5 Sin(M)” + cos(M)” sin(M ) Zcos(M )

e 7 . 2 30 . 7 . 3 3. 0
- g-zsm(Mo) cos(MO)+cos(MO) gsm(MO)+Esm(Mo) cos(MO)- cos(Mo) 5‘”('\"0)3
+cos(M )
0 5

—sin(M ) + cos(M ) sin(M ) sm(M )+—S|n(M ) —cos(M ) sm(M ) ::e
¥ FRALI
g

e

+ sn(Mo)g—cos(M ) sin(M -lsin(M

O) O)
® &
gsm(M ) cos(M )+cos(M )g —sm(M ) +cos(M ) sm(M )—cos(M ) - g
sin(M ) - 3cos(M ) sin(M ) + cos(M )S—4sin(M ) cos(MO)+cos(Mo) 3

- sin(M )g —sm(M ) + cos(M ) sin(M ) sm(M )
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: 3 2 ) 2 &
sin(M ) + cos(M ) sin(M )$COS(M ) g

I\)IH

2
£

ism(M ) +cos(M ) sin(M ) sm(M )

- +
FB‘D“"’FB PR

I\)Il—\

g sin(M ) cos(M )+cos(M ) —cos(M ) sm(M ) +cos(M )g—cos(M )sm(M )4
sm(MO) cos(Mo)+cos(Mo)g —sm(Mo) +cos(MO) sin(Mo)ﬁsin(Mo)

sin(M ) + cos(M ) sin(M ) cos(M )sm(M ) +cos(M )g—cos(M ) sin(M )4

1
le oD

cos(M ) sm(M ) + cos(M )gzsm(M ) gcos(MO) sin(Mo)
+cos(Mo)g-4sin(Mo) cos(MO)+cos(MO) 3

_ ® 2 . 3 2 . 00
- sm(Mo) g gsn(Mo) +cos(Mo) sm(MO EE

. & 3 . 3 e 2 . 3 2 . 00
- sin(M )g-—sn(M ) cos(M ) + cos(M )g-—sm(M ) +cos(Mo) Sm(MO)E+

sin(M )gg —sm(M ) + cos(M ) sin(M ) cos(M )

27 o 7 . 3 3. 0
' g'ES”(Mo) 009(M0)+C°S(Mo) ES”(M0)+ES'”(M0) cos(My) - cos(Mg) sin(Mq)%
+cos(M )

Ee

3 2 0 . 1 4 1 2 20
sin(M ) + cos(M ) sin(M )$sm(M )+—sm(M ) 'ECOS(MO) sm(MO) 3

IgBmm

NI NI~ oD
NIH l\)l\l

sin(M ) + cos(M ) sin(M ) cos(M )sm(M )

l\)ll—\ I\)I

n(M ) cos(M )+cos(M ) —sm(M ) - sin(M )gﬁsn(M )

n(M ) + cos(M ) sm(M ) sm(M -}cos(M ) sin(M

O) O)

+ cos(M )g Esm(M ) cos(M )+cos(M )g —sm(M ) +cos(M ) sin(M )::+
sm(Mo)

eel 3 2 . 0. 1 4 1 2 . 29996
gg 2sm(MO) +cos(Mo) sm(MO)BSIn(MO)+24S|n(MO) - 2cos(Mo) sm(MO) BBBe

9d+M+ae'M3 M)+ Maeg'M3+ MZ'MQQ4
5 0 g-sm( O) cos( O) cos( O)g-ssn( O) cos( O) sin( O)E!E’e
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&
+sin(Mo)e+g

: 2 & a _
+ cos(MO) sn(Mo) e + gsm(Mo) gG cos( MO) sm(MO)

sm(M ) cos(M )+cos(M )g —sm(M ) +cos(M ) sm(M )—sm(M )

i sin(M ) + cos(M ) sin(M ) cos(M )sm(M ) +cos(M ) 1—;Osm(M )

Zg 1sm(Mo) +cos(Mo) sn(MO) sm(M -écos(Mo) sin(M

0) 0)

23 @2 3 2 00
+cos(MO)g-Esm(MO) cos(Mo)+cos(MO)g-§sn(Mo) +cos(MO) sn(Mo)§§+
sin(Mo)

el

+ae}_M3+ M2_M93
| g-zsm( O) cos( O) sin( O)Be

cost(%)
371 additions + 1300 multiplications + 742 functions + assignments

Aswe can see, expansions of useful order will generate large expressions. However, the

appearance of these expressions can be considerably simplified by converting to Fourier form.
| For example,

collect(combine( %%, trig), [d, €])
243 32
f—gg Zsm(ZM ) - —sm(6M )+—sm(4M ) e

4

243 8 0
——sin(3M —sm(4M )

25 . 5M
—__9n
(5My) + 70 0"

1 0 A
+E: 2SNV )ie5+g—sin(2M
768 0

0"
1 2 1 &

g —sm(3M )+—sm(M ) e - € sm(2M ) - —sm(M )e d +g

2 10 os(aM )+ cos(6M )+ cos(2 M ) 268

- —_COo — CO — CO Te

& 15 0 * 10 0 "2 05

BB os3M ) + 22 x5 M) + —— cos(M. ) e + B2 cos(4 M. ) - ~ cos(2 M) 26”
- 7 CO — CO —_ CO Te — CO - —CO Te
§ 105 CA3Mp) + 35, 005 Mg) + 1y COSIMg)FE ™+ 5 cO(4 M) - 5 cos(2 M)
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& 3 3 @ 2 3 2 00
cos(MO)g- 2sm(MO) cos(MO)+cos(Mo)g- 3sm(MO) +cos(Mo) sm(MO);:a—;:;sm(MO)

aeae}_MSJr MZ'MQ'M+i'M41M2'M2995
g-g-zsm( O) cos( O) sin( O)Bsm( O) 24sm( O) -zcos( O) sin( O) BBe

in(M )3+ (M )2'('\/' )CI(M)+1 in(M )4 : (M )2'(M )26@66
-e- — SN CO: Sn =gn — 9n - — CO a[n =Te
& 55, 0 0)53NMp) 5, (M) - 5 cos(My, 0 H



+ae1 M +9 3M 93+ 2M ) €% + cos(M +19d
g 8cos( O) cos( O)Te cos( O)e cos( O)e -
&l 4 27

+ 8 n(2M ) - —sm(4M )+—sn(6M ) e

27 1 0 &A . 1 4

O) —128sm(3M0) —1929n(M0)Ee +g§sm(4M —sn(ZM)

LB 1. 03 12 .
g8sm(3MO)- 8sm(MO)Be +2e sun(2M0)+sm(MO)e+M

@25
—gin(5M

*&384 0"

0

cost(%)

37 additions + 125 multiplications + 36 functions + assignments

=l Characterizing theerror term for a given time span

=l Introduction

Suppose we have a specified error bound h. We would like to say something about the
approximation orders Ne and Nt required to get the error e less than h as afunction of the time

interval m That is, find N such that e(Ne, Nt) <h.

First, we write a function which returns an approximation of the solution of the Kepler
| equation, incorporating expansions in both eccentricity and time.

Kepler Approx := proc(f ::name, e::name, M::name, m:name, Ne::posint, NM::posint)
local C, tmp, cpu;
cpu :=time( );
trialsoln(f, e, C, Ne);
expansion(subs( %, Kepler(f, e, M)), e, Ne);
xsolve(%, g, C);
subs( %, %%%);
tmp := expansion(subs(M = M[ 0] + m %), m NM);
if assigned(verbosity) and O < verbosity then
print( cost(raw)” = cost(tmp));
tmp := collect(combine(tmp, trig), [m €]);
print( “cost(Fourier)” = cost(tmp));
print( series expansion cpu’ =time( ) - cpu);
tmp
else collect(combine(tmp, trig), [m €])
fi
L end

For example, KeplerApprox(f, e, M, m 5, 3) yields

2 os(5M ) - —— cos(M ) 3¢5
CO: (60) e
2304 0 1152

{ = 248 N3
= 88550 O3Mg) -
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x 32 1 2 2
+g§cos(2M ) - —cos(4M ) e +g —cos(BM )+—cos(M ) e -—cos(ZMO)e

L cos(M, ) e3P + B Sin(3M, ) - 2 §n(5 M) - —— sin(M
-Gcos( O)eTm ggZS sin( O) 768sm( ) 84sm( )e

—4M+1 2M +—73MiM93 2'2M
g sin( O) sin( o)e g sin( O) sin( O)E!e-e sin( O)

=

—sin(M 92+aaeﬁ 3M +% 5M +i M 3¢5
-Zsm( O)eTm gg 28005( O) cos( O) cos( O)Te

el 4 9
+g gcos(ZM )+ = cos(4M ) e +g —cos(M ) += cos(SM ) e +cos(2M )e

+ M +1Q + @ 5M 27 3M)+ 1 M 05
co e+l1Tm+g_—sn ——9n —9n e
S(Mp) - §384 ( (3My) ( o)g

0) 128 192

fESnAM ) - Tsn2M ) 26t + B snaM ) - ~sn(M) 263 + 1
— SN - —9n e — SN - —9n e -
&3 0% 05 " & o) gSN(My)Z

2 .
2e sin(2 MO)

+S|n(Mo)e+ MO

[ Here is a procedure to extract the highest-order term.

error_term:= proc(e::name, M::name, m:name, Ne::posint, NM::posint)
local f;

KeplerApprox(f, e, M, m Ne, NM); lcoeff(rhs(%), m)* m*degree( rhs( %), m)
L end

For example, error_term(e, M, m 5, 3) yields

age 15625

&8 2304 e

1 M 243 aM 0
——-co —co
0) 1152 s 0) 256 s )

cos(5M

B o0s2M ) - 22 cosaM )2t + & 2L cos(3M) + = cos(M_) 263 - Zcos(2M ) &
— CO! - — CO e - — CO — CO e - —Co e
& 0 9 05 & 16 0) T 2g XM - 5 0

1 (M) 0 3
- —co exm
| 6 0" g

H plot

[ Plot the coefficient of m

G:= fn(subs(MO =M, lcoeff(%, m)), e, M)

25 1
cos(5M) - —cos(M) e

G= (e M)® B os(3M
=(eM)® g 0sBM) - o 1152

+§gcos(2 M) - 2cos(4 M)ge4+§ zcos(3 M) +icos(M)ge3- 2cos(2M) e2
9 9 [4] 16 48 4] 3

1
- Ecos(M)e
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@ p0 := plot3d(0, M =0 .. 360, e=0.. .3, style = patchnogrid, color = black)
pl:= plot3d(G(e, M deg), M =0.. 360, e=0 .. .3, style = patchcontour, contours = 35,
L grid =[50, 50])

plot d( [pO, p1], labels=["M", "€", ""], orientation = [ 125, 65], title = "coeff(5,3)")

Sdisplay3

coeff(5,3)

0.05

=] The coefficients of K
=l Introduction

The double series expansion (in eccentricity and in mean anomaly or time) is of the form

N, &N 0 N
ot E oe n: k ef oe n h

f=a a C (M)e im. DefineF (eM )= a C_ (M))e sothat
Ny

f= & F (e, M )mn. The functions F (e, M) will come up later, so we will
k=0 KNy 0 kNS0

| characterize their typical behavior now.

[ F :=proc(e, M, Ne::posint, n::posint) local m error_term(e, M, m Ne, n); coeff(%, m n) end

HVariation of Nt

( F(e, M, 3,1)
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& L oos(M )+ 2 cos(3M ) 263 + cos(2 M, ) €2 + cos(M ) e+ 1
g-8cos( O) 8cos( O)Ee cos( O)e cos( O)e

F(e M, 3, 2)

e 27 1 1
g Esm(SM )+—S|n(M ) e - e sin(2 M ) —sm(M )e

F(e M, 3, 3)

B 2 os(3M_) +— cos(M_) 263 - 2 cos(2M_) €2 - = cos(M
- — CO — CO e - —cCo e - —Co e
g 16 S(3My) 28 S( O)g 3 (2Mg) 5 S(Mg)

F(e, M, 3,4)
B, Sn(3M) - 10> sn(Mg) 2%+ 2 2 sin(2 M)+ (M)
—sin ——sin e € sin —sin e
L g64 0" 192 3
F(e, M, 3,5)
& L M +@ 3M +£ 2M +i M
I 950 cos( ) 320 cos( ) e cos( )e 120 cos( )e
F(e, M, 3,6)
243 1 ) 1
—sm(3M ) +——sin(M ) e -—e sn(2M ) —sm(M )e
L 640 5760 45 720
F(e, M, 3, 10)
zae2187,3'v|+ 1 _Még 2 2'2M in(M
- sin ——————4din e - e sin - sin e
358400 ( 0) 29030400 ( 0)2; 14175 ( 0) 3628800 ( 0)

H plots

I
| emax
|

plot_F := proc(emax, Ne::posint, n::posint)
local Fn, M, e, p0, p;
p0 := plot3d(0, e=0.. emax, M =0 .. 359.5, color = black);
Fn:=fn(subs(M[0] =M, F(e, M, Ne, n)), e, M);
p := plot3d(Fn(e, M[0]*deg), e=0 .. emax, M[ 0] =0 .. 359.5, style = patchcontour,
contours = 20, grid =[ 25, 25], argg 4 .. nargs]);
plotg display3d]([ p, pO], labels=["¢€", "M", ""], orientation = [ - 50, 70],
lightmodel = light3, title = cat("F(", Ne, ",", n,")"), argg 4 .. nargs])
end

with(plotti ng)

plot_F(emax, 3, 1, grid =[ 35, 35])
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F(3,1)

( plot F(emax, 3, 3, grid=[75, 75])
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F(3,3)

0.2
€ 0.25

gifplot(%, "F33", "d:/dynamics/TimeSeriesOpt/")

jpgplot(%, "F33", "d:/dynamics/TimeSeriesOpt/")
L psplot(%, "F33", "d:/dynamics/TimeSeriesOpt/")
( plot_F(emax, 3, 4, grid =[ 35, 35])
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F(3,4)

plot_F(emax, 3, 5, grid =[ 35, 35])

( plot_F(emax, 3, 6, grid =[ 100, 100])
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F(3,6)

0.2
€ 0.25

gifplot(%, "F36", "d:/dynamics/TimeSeriesOpt/")

jpgplot(%, "F36", "d:/dynamics/TimeSeriesOpt/" )
L psplot(%, "F36", "d:/dynamics/TimeSeriesOpt/")
( plot_F(emax, 3, 9, grid =[ 100, 100])
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F(3,9)

0.2
€ 0.25

gifplot(%, "F39", "d:/dynamics/TimeSeriesOpt/")

jpgplot(%, "F39", "d:/dynamics/TimeSeriesOpt/")
L L L psplot(%, "F39", "d:/dynamics/TimeSeriesOpt/")
H Variation of Ne

I F(e,M, 1, 3)

I - %cos(Mo)e
I F(e, M, 2, 3)
2 2 1
I - 5cos(2 Mo)e - gcos(MO)e
I F(e, M, 3, 3)

e 3M )+ L s(M )c.)e3 2cos(ZM )e2 1cos(M )e
- —Co — o e - < - =
g 16 A 0) 48 0'g 3 0 6 0

I F(e, M, 4, 3)

2 32 04 27 1 03 2
gécos(z MO) - 3005(4 Mo)ge +g- 1—6cos(3 MO) +4_8003(M0)Ee - 5005(2 MO)
1
- gcos(MO)e
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F(e, M, 5, 3)

843 S(3M )- 25 S5M ) - 1 (M )
— O co ——-co e
256 2304 0" 1152

+ B cos(2M, ) - 2 cos(aM )T + B L cos(3M ) +-= cos(M ) S63
ggcos( o) g SON4Mp)Ee +E g Co(3My) + g cosiMy)ze

z 2M 2. 1 M
-3cos( O)e-Gcos( o)e

[ verbosity ;=1
F(e, M, 6, 3)
899 additions + 2957 multiplications + 1756 functions + assignments

49 additions + 170 multiplications + 48 functions + assignments

8.254

g—cos(4M ) - —cos(ZM ) §005(6M ) e

& 15625 243 1
cos(5M )+ —-cos(3M ) ——cos(M ) e

Y& 2304 256 1152
s 32 =3 27 03 2 2
ggcos(ZMo) cos(4Mo) e +g cos(Mo) cos(SMO)Ee - 3cos(ZMO)e
1
I - gcos(Mo)e
F(e, M, 7,3)

3005 additions + 10202 multiplications + 6045 functions + assignments
65 additions + 226 multiplications + 64 functions + assignments

30.070

7 07
cos(M M 5M cos(3 M _)=e
55296 s ) 276480 cos( ) 55296 cos( ) 10240 & 0) 7]

g—cos(4M ) - icos(ZM ) @005(6M ) e

& 15625 o5 )+243 S3M.) - 1 (M )
co —— co ——_Co e

& 2304 Mg o) 1152

4 32 27 2 2
+g§cos(2M ) - —cos(4M ) e +g—cos(M ) - —cos(3M ) e -:—%cos(ZMo)e
1 M

I cos( O)e
F(e, M, 8, 3)
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9742 additions + 33991 multiplications + 19997 functions + assignments
81 additions + 290 multiplications + 80 functions + assignments
136.473

g 32768 8M 128 AM )+ 1 IM_)+ 2187 6M 08
- co - ——cCo ——co ——co Te
45 s 0) 135 s 0) 540 s 0) 140 i 0) 4]

) 764801 S7M )+390625 S5M.) 7 S(3M )('j 7
- co co - co Te
0" 276480 0" 55296 0" 10240 0'g

e 1
+ cos(M
55296

28 1 243
+g—cos(4M ) - —cos(ZM ) —cos(6M ) e

N & 15625 EM.Y + 243 aM 1 M
- co —-co ——_Co e
g 2304 s ) 256 s ) 1152 s )
o4 32 27 2 2
+g—cos(2M ) - —cos(4M ) e +g—cos(M ) - —cos(BM ) e -—cos(ZM )
9 0 0
1 M
I - 6cos( O)e
F(e, M, 9, 3)

30720 additions + 109643 multiplications + 64000 functions + assignments

101 additions + 362 multiplications + 100 functions + assignments

341.442
g 129140163 oM. )+ 2187 3M 1 M)+ 282475249 M
co - co ———_—_——Co

g 2293760 cos| 0) 81920 s 0) 4423680 A 0) 8847360 A 0)

9765625 09

- cos(5M_)xe

3096576 0'g

& 32768

SBM ) - 22 cos(4M )+ ——cos(2 M) + 2o’ cos(6 M ) 28
(60) - CO: CO: (60) e
5 0 135 0 540 0 140 0'g

+g-

¥ 255296

Ly 390625 LRI 3
CO CO e
(7TMg) 10240 ©X3Mp)G

cos(M ) -
& 0) 276480 55296

cos(SMo)-

g—cos(4M ) - icos(ZM ) @005(6M ) e

& 15625 243 1
+g- 2304 cos(5M )+£COS(3M ) - ECOS(M ) e
+8gcos(2M )-gcos(4M )ge4+8e—cos(M )-zcos(3M )ges-gcos(ZM )e2
29 0" 9 0o 248 0" 16 0'g 3 0
1
I - gcos(Mo)e
[verbosity::O
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=l plots

[ emax :=.3
plot_F(emax, 1, 3, grid =[ 35, 35])

F(1,3)

0.04

0.02

( plot_F(emax, 2, 3, grid =[ 35, 35])
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F(2,3)

0.05

0.2
0.25

| plot_F(emax 4, 3, grid = [50, 50], lightmode! = light2)
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F(4,3)

0.2
€ 0.25

plot_F(emax, 5, 3, grid = [ 75, 75], lightmodel = light2)

F(5,3)

0.2
0.25

( plot_F(emax, 6, 3, grid = [ 100, 100], lightmodel = light4)
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0.2
€ 0.25

gifplot(%, "F63", "d:/dynamics/TimeSeriesOpt/")
jpgplot(%, "F63", "d:/dynamics/TimeSeriesOpt/")

L psplot(%, "F63", "d:/dynamics/TimeSeriesOpt/")

( plot_F(emax, 7, 3, grid =[ 75, 75], lightmodel = light4)
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0.2
€ 0.25

plot_F(emax, 8, 3, grid = [ 75, 75], lightmodel = light4)

F(8,3)

0.2
0.25

| plot_F(emax, 9, 3, grid = [ 75, 75], lightmode! = light4)
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0.2
€ 0.25

gifplot(%, "F93", "d:/dynamics/TimeSeriesOpt/")

jpgplot(%, "F93", "d:/dynamics/TimeSeriesOpt/" )
L L L L psplot(%, "F93", "d:/dynamics/TimeSeriesOpt/")
=] Solving for the timespan

Now write a procedure that solves for the timespan mwhen the error term is set equal to some
maximum error e, with min units of 2 p. We optimize the output in order to reduce numerical
| computation time.

timespan := proc(M, e, e, Ne::posint, NM::posint)
error_term(e, M, m Ne, NM);
collect(expand( %, trig), [ m €], factor);
convert(%, horner,[m €]);
e/ subs(M[ 0] = M, Icoeff(%, m));
abs(%)"(1/NM) / (2*p);
makeproc( [ optimize( %, tryhard) ], parameters=[M, g, €])
L end

The output of this procedure is an optimized Maple procedure suitable for use in plotting. For
| example,

G :=timespan(x, e €, 3, 2)

G :=proc(x e, €)
local t1, t2;
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t1 := cos(X);
t2:=1/2*sgrt(abs(e/ ((-1/2+(7/4*e+ (-2- 27/ 4*e*tl)*tl)*e)*sin(x)*e))) / p
end

I n(3,2)=G(M, ¢, e)

e

N =

B e+ B2 FecosM) 2cosM) 2e2sin(M)
— e -Z- —_ ecCo =CO zexsn e
g4 g 4 %] g 9

e
1 &
(3, 2)=5 o

=l Ilustrative timespan plots
=] A 2D Slice
[ Here is arepresentative slice of n{(3, 2):

plot(G(M deg, .3, 1 deg), M =0.. 359.5, view=[0.. 360, 0 .. 1], numpoints = 501)

0.8

0.6-
0.4-

0.2-

0Op 50 100 150 1200 250 300 350

ﬂ Calculations

plot_timespan := proc(eps, emax, Ne::posint, Nt::posint)
local F, M, e, e pO, p;
p0 :=plot3d(0, e=0 .. emax, M =0 .. 359.5, color = black);
F :=timespan(M, e, e, Ne, Nt);
if assigned(verbosity) and 0 < verbosity then print(n{Ne, Nt) = F(M, e, e)) fi;
p := plot3d( F(M*deg, e, eps), e=0 .. emax, M =0 .. 359.5, style = patchcontour,
contours= 20, grid =[ 25, 25], argg[ 5 .. nargs]);
plotg display3d]([ p, pO], labels=["¢€", "M", ""], orientation = [ - 50, 70],
lightmodel = light3, titlefont = [ SYMBOL, 18], title = cat("m(", Ne, ",", Nt, ")"),
argy 5.. nargs])

L end
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verbosity ;=1
emax :=.3
L e:= 1deg
p31 := plot_timespan(e, emax, 3, 1)
cost(raw) = 10 additions + 26 multiplications + 12 functions + 13 subscripts + assignments
cost(Fourier) = 9 additions + 22 multiplications + 8 functions + 9 subscripts + assignments
series expansion cpu = .333

e

® & 2 1 2, 60
1+gcos(M)+52cos(M) - 1+-cos(M)(-7+9cosg(M)™") exeze

"3 1) =2 2 g o

i ' 2 p

p32 := plot_timespan(e, emax, 3, 2, grid=[51, 51], view=[0.. emax, 0.. 360, 0 .. 1])

cost(raw) = 18 additions + 50 multiplications + 24 functions + 25 subscripts + assignments
cost(Fourier) =
13 additions + 35 multiplications + 12 functions + 13 subscripts + assignments

series expansion cpu = .666

e

ae1+ae2 s(M)+ae 27 s(M)2+76 0 0. (M)
-—+g-2co -—=co —IeIexsin e
g 2 g g 4 49 @ @

n(3, 2) ==

i T2 p

p52 := plot_timespan(e, emax, 5, 2, grid =[51, 51], view=[0..emax, 0.. 360,0.. 1])
cost(raw) = 119 additions + 398 multiplications + 221 functions + assignments

cost(Fourier) = 28 additions + 89 multiplications + 27 functions + assignments

series expansion cpu = 1.964

1 xeel o e 27 2 7
r‘r(5,2):§sqrt e/gg-§+g-ZCos(M)+g-—cos(M) +—

+ae 2 M) (- 17 + 32 M +86241 21 3125 M M 000
~co co! — - — _—CO —co —e etex
g 3 M) - i ) ) g 48 g8 48 S( ) S( ) 29 0

egsinM e99/
p ( )TEP

p33 := plot_timespan(e, emax, 3, 3, grid =[100, 100], view=[0.. emax, 0.. 360,0.. 1])

cost(raw) = 27 additions + 77 multiplications + 36 functions + assignments

cost(Fourier) = 17 additions + 50 multiplications + 16 functions + assignments
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series expansion cpu = 1.016

n(3,3) =
e (1/3)

e 4 22 1 0
g- cos(M)+g-3005(M) 3 12cos(M)( 61+81cos(M) )e ege

L p

p53 := plot_timespan(e, emax, 5, 3, grid =[100, 100], view=[0.. emax, 0.. 360, 0.. 1])

ol

N =

cost(raw) =
251 additions + 792 multiplications + 461 functions + 462 subscripts + assignments

cost(Fourier) =
37 additions + 122 multiplications + 36 functions + 37 subscripts + assignments

series expansion cpu = 4.553

610
m5,3) = e/gg 6cos(M)+g cos(M) + +gg 4cos(M) + —cos(M) gg
@ M +@ M2 ae5293+10039 M2 15625 M49 M 0
9 cos(M) 9 cos(M) g 124 - cos(M) —144 cos( )BCOS( )eae
600 3(1/3)
Teretex
L g0 9

p73 := plot_timespan(e, emax, 7, 3, grid =[ 100, 100], view=[0 .. emax, 0.. 360,0.. 1])

cost(raw) =
3005 additions + 10202 multiplications + 6045 functions + 6046 subscripts + assignments

cost(Fourier) =
65 additions + 226 multiplications + 64 functions + 65 subscripts + assi gnments

series expansion cpu = 65.437

1] eel 2 4 2 &1 2, &
n(7,3)=— e/gg- Ecos(M)+g§- :—%cos(M) +g- Ecos(M)(-61+81cos(M) )+g

34 256 M +260 M2 +
—-—_—co ——Co
g~ g cosM) 4= cos( % g
& 15625 s(M)4+ 10039 s(M)2 52930 (M) +ae 10868 s(M)2+676
- co co - —=COo - co —
g 144 144 o g 45
1944 6 27268 4
-Tcos(M) + cos(M)
g 1886081 2 785881 5764801 6 391729 40 0060
+g- ———co + - cos(M) +———cos(M) =cosg(M) exezex
1440 4320 4320 160 o] o 30
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p35 := plot_timespan(e, emax, 3, 5, grid =[ 100, 100], view=[0.. emax, 0.. 360,0.. 1])
cost(raw) = 52 additions + 156 multiplications + 72 functions + 73 subscripts + assignments

cost(Fourier) =
25 additions + 83 multiplications + 24 functions + 25 subscripts + assignments

series expansion cpu = 3.574

n(3,5) =
e (1/5)

EL v+ MIZ- 2+ cos M) (729 cos(M)2 - 547) e2e2
— CO — CO — +—— CO (6(0) exexe
;1203()355()15243()( S(M)”- )ezes
2

L P

p55 = plot_timespan(e, emax, 5, 5, grid =[ 100, 100], view=[0 .. emax, 0.. 360, 0.. 1])

cost(raw) = 826 additions + 2449 multiplications + 1470 functions + assignments
cost(Fourier) = 55 additions + 191 multiplications + 54 functions + assignments

series expansion cpu = 5.523

1 2 aR43
n(5, 5)—— e/ggﬁcos(Mﬁgl—scos(M) 15 gg cos(M ) 240—cos(M) g—

. 1024 (M )4 1028 s(M)2
——Co -——co
45 45
& 246601 2, 125761 78125 00600 0(1/5)
+g- cos(M)™ + + cos(M) —cos(M)e:e:e:e: ex
L 1440 2880 576 0 0

p75 := plot_timespan(e, emax, 7, 5, grid =[ 100, 100], view=[0 .. emax, 0.. 360,0.. 1])

cost(raw) = 14481 additions + 45416 multiplications + 27675 functions + 27676 subscripts
+ assignments

cost(Fourier) =
97 additions + 347 multiplications + 96 functions + 97 subscripts + assignments

series expansion cpu = 112.694

7, 5)—— e/ggﬁcos(M) g—5+icos(M) +g—cos(M)( 547+729005(M) )

1022 cos(M)?- —c os(M)2+ 24

E o "§

38125 4, 125761 246601 25434 17496 6
€576 M)+ ee0 " 1240 cos(M)? _COS(M) g 205+ o5 COsM)
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240292 4

i 2672 s(M)2

- co co

225 5

9720661 2 34735339 282475249 6 168846239 4€

+ cos(M)™ - + cos(M)" - ————cog(M) Zcos(M) e
3200 86400 86400 28800 [}

p77 = plot_timespan(e, emax, 7, 7, grid =[ 150, 150], view=[0 .. emax, 0.. 360, 0 .. 1])
cost(raw) = 49294 additions + 148392 multiplications + 90878 functions + assignments
cost(Fourier) = 129 additions + 472 multiplications + 128 functions + assignments

series expansion cpu = 303.908

4 8192
(7, 7)—— e/ gk %COS(M)+§£ Ecos( )2 %E?%cos(wl)“

. 0 2 1028
=0 [t
189 M) 945
& 104976 6 4284296 4 1627096 2 9267206 20 &703
+6- cos(M)™ + M) - ———cos(M) +————=€ Te+b———
175 4725 4725 47253 o 1440
729 2, 125659 2 1953125 4 3084973
- ——cos(M) g cos(M)™ - Co! -
1120 60480 24192 120960
8175809461 M 4 1977326743 6, 1609482421 4164298321 20 20
— -—— ___cCo - co e =
1209600 518400 3628800 1209600 %)

26 000 0(1/7)
—cos(M) erexex
L ] g 9

save p31, p32, p52, p33, p53, p73, p35, P55, p75, p77,
L "d:/dynamics/TimeSeriesOpt/timespan_3D_plots.m"

E
=] Images

| pat
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uE3,1)

0.0035
0.003
0.0025
0.002
0.0015
0.001

p32

| ps2
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p33
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u(3,5)

L0
Lo
[=X

( p75
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w(7,5)

p77

w(7,7)

[ with( plotting)

|=| Postscript and GIF Output
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L gifplot(p31,
[ psplot(p31,
[ gifplot(p32,
[ psplot(p32,
[ gifplot(p52,
[ psplot(p52,
[ gifplot(p33,
[ psplot(p33,
[ gifplot(p53,
[ psplot(p53,
[ gifplot(p73,
[ psplot(p73,
[ gifplot(p35,
[ psplot(p35,
[ gifplot(p55,
[ psplot( p55,
[ gifplot(p75,
[ psplot(p75,
[ gifplot(p77,
[ psplot(p77,"

"p31", "d:/dynamics/TimeSeriesOpt/")
"p31", "d:/dynamics/TimeSeriesOpt/")
"p32", "d:/dynamics/TimeSeriesOpt/")
"p32", "d:/dynamics/ TimeSeriesOpt/")
"p52", "d:/dynamics/TimeSeriesOpt/")
"p52", "d:/dynamics/TimeSeriesOpt/")
"p33", "d:/dynamics/TimeSeriesOpt/")
"p33", "d:/dynamics/TimeSeriesOpt/")
"p53", "d:/dynamics/TimeSeriesOpt/")
"p53", "d:/dynamics/TimeSeriesOpt/")
"p73", "d:/dynamics/TimeSeriesOpt/")
"p73", "d:/dynamics/TimeSeriesOpt/")
"p35", "d:/dynamics/TimeSeriesOpt/")
"p35", "d:/dynamics/TimeSeriesOpt/")
"p55", "d:/dynamics/TimeSeriesOpt/")
"p55", "d:/dynamics/TimeSeriesOpt/")
"p75", "d:/dynamics/TimeSeriesOpt/")
"p75", "d:/dynamics/TimeSeriesOpt/")
"p77", "d:/dynamics/ TimeSeriesOpt/")

'p77", "d:/dynamics/ TimeSeriesOpt/")

=] Optimization of expression size

=l Introduction

o
of al the segments, S~ a N

some average segment order, N_ . v

Suppose we encode an orbit by a series of approximations ("segments") of f over timespans
m to orders Nk' Suppose further that there are NSeg

Then the sum total expression "size" of the orbit, S, is proportional to the sum of the orders N

N

k=1 K

T
=—andS~N__N_ ,or

= mavg

seg avg
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timespans, and that the total spanisT.

If the orbit is sufficiently well-behaved, then there will be

and some average segment timespan, m, by’



NaV
(1) s-—2

m
L avg
Now, the approximation for f over a segment timespan mis of the form
N, &N, )
f= & a c (M )enzmk, where N, isthe order of the expansionintimem N _isthe
k=0én=0 KM 0" 5 t e

order of the expansion in eccentricity e, M__ isthe expansion point in time, and the Cn m e

0
coefficients that are functions of M o The radius of convergenceis one, so we require m< 1 for

convergence. We can take the next term of the expansion in time as an approximate upper
bound on the error due to series truncation. Suppose we have an error limit e that we must
meet for each of the segments. Then ...

/=] Determination of the optimum time span

a 1

Si=— - —
L U mlog(m) m

¢ .2
L t0" mlog(m)

I
acorgﬂm 05
a(ln(m) +1)

m2 In( m)2

isolate( %, m)
(-1)

m=e
[ muO_approx := rhs(%)
=2l 0
coIIectg—S, a, factor =
fm t 7]
a(ln(m) +1) +i

m2 In( m)2 m2

[ solve(%, m)]

2 2

) :
§ (1/2a+1/2+/a%+4a) (1/2a- 1/24/a%+4a)fj
ee , e u

| rrO::%1

(-12)
subs(a =1og(10 ), D)
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(- 1/2In(1000000000000) +1/2 /\/ In( 1000000000000)2 - 41n(1000000000000) )
e

evaf(%)

3537818531
evalf(muO_approx)

3678794412

muplot := proc(aval)
local p, pO, pt, ptO, mumax, mumin, A,
mumax :=.9;
mumin :=.0;
A :=log(10Maval );
p0 := plot(subs(a= A, §t0]), m=mumin .. mumax, color = red, thickness = 2);
p :=plot(subs(a= A, Jt]), m=mumin .. mumax, color = blue, thickness=2);
ptO := plotq textplot] ([ muO_approx, subs(m=mu0_approx, a=A, Jt0]), "X"],
font = [ HELVETICA, 12], color =red);
pt := plotg textplot]([ subs(a = A, nD), subs(a = A, subs(m=n0, Jt])), "X"],
font = [ HELVETICA, 12], color = blue);
plots] display]([ pO, p, pt, pt0], view = [ mumin .. mumax, 20 .. 120], labelfont = [ SYMBOL, 20],
labels=["m",""])
L end

pIOtSdispIay( muplot(- 6), muplot(- 8), muplot(- 10), muplot(- 12), muplot(- 14),
labelfont = [ SYMBOL, 20], labels=["m",""])
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1207
100
80
60

40

20g 092 04 08 08
L LL

epsvals := [10(' ®) 1008 10019 100 12) 1ot 14)]

Npoints:= 171

A:=array(1l.. Npoints, 1 .. 2 nops(epsvals) + 1)
mumin := .05

mumax := .9

for kto Npoints do
(k- 1.0) (mumax - mumin)
Npoints- 1.0 ’

X :=mumin +

A X;

k1~
for j from 2 to nops(epsvals) + 1doAk j = evaf(subs(a= Iog(epwals] i 1), m= X, Sto)) od;

for j from nops(epsvals) + 2 to 2 nops(epsvals) + 1 do

A . =evaf(subs(a= Iog(epwalsj

" ) m=x,))

- nops(epsvals) - 1
od
od

L writedata("d:/dynamics/TimeSeriesOpt/muplot.dat”, A)
A:=array(1l.. nops(epsvals), 1..5)

for k to nops(epsvals) do
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X = epsvalsk;
aval :=log(x);
Ak, 1 =X
= evalf(subs(a = aval, mu0_approx));
:= evalf(subs(m=mu0_approx, a = aval, StO) );
:= evaf(subs(a = aval, nD));
:= evaf(subs(m=n0, a=aval, St))
od
L writedata( " d:/dynamics/ TimeSeriesOpt/muzeros.dat”, A)

ﬂ Deter mination of the optimum expansion order

e 10
% 15
| SyENe
e 19
& NG
,SNO:N
e @ 10 0
é ¥ N+1p :
Collect NSNe lOCE,

&IIO=

[ solve(%, N)]

1 1 2 ;151 2U
I - 2In(e)+2«/4ln(e)+ln(e) -1 2In(e) 24/4In(e)+ln(e) H
i N O0:= %1
& 10 0
Coll tgl g NEjl :
ollec N SNO’e , OCE
aeig
e In(e)og N g
g1+ e
L N o
isolate( %, N)
L N=-1In(e)

Page 47



@ N_0O_approx :=rhs(%)

Nplot := proc(epsval)
local p, pO, pt, ptO, Nmax, Nmin, eps;
Nmax := 35;
Nmin:=1;
eps := 10"epsval;
pO := plot(subs(e = eps, § NO]), N=Nmin .. Nmax, color = red, thickness = 2);
p :=plot(subs(e=eps, §N]), N=Nmin .. Nmax, color = blue, thickness = 2);
ptO := plotg textplot](
[subs(e=eps, N_0 _approx), subs(N =N_0_approx, e=eps, §NO]), "X"],
font = [ HELVETICA, 12], color =red);
pt := plotg textplot ] ([ subs(e =eps, N_0), subs(N=N_0, e=eps, I N]), "X"],
font = [ HELVETICA, 12], color = blue);
plotg display]([ pO, p, pt, ptO], view = [ Nmin .. Nmax, 20 .. 120], labels=["N","S"])
L end
plotsdisplay(NpIot(- 6), Nplot(- 8), Nplot(- 10), Nplot(- 12), Nplot(- 14), labels=["N", "S"'])
120
100i
- X
1 N
80
S
60
40
20 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34
Npoints:= 171
-6 -8 -10 -12 -14
epsvals := [10( ), 10( ), 10( ), 10( ), 10( )]
A:=array(1l.. Npoints, 1..11)
Nmin:=1

Page 48



Nmax := 35

for kto Npoints do
(k- 1.0) (Nmax- Nmin)

X :=Nmin+ :
Npoints- 1.0
Ak, 1 =X
for j from 2 to nops(epsvals) + 1 do Ak,j = evaf(subs(e= epS/aIsJ T N =X, SNO)) od;

for j from nops(epsvals) + 2 to 2 nops(epsvals) + 1 do
A = evalf(subs(ezepS/aIsJ - nops(epsvals) - 1 N =X, SN))

K, j
od
od

L writedata( " d:/dynamics/TimeSeriesOpt/Nplot.dat", A)
A:=array(1l.. nops(epsvals), 1..5)

for kto nops(epsvals) do
X = epwalsk;
A =X

« o= evalf(subs(e=x, N_0_approx));

A

Ak, 3= evaf(subs(N=N_0 approx, e=x, SNO));
Ak 4= evalf(subs(e=x, N_0));

Ak, 5= evalf(subs(N=N_0, e=x, SN))
od

L L L writedata("d:/dynamics/TimeSeriesOpt/Nzeros.dat", A)

=l Miscellaneous 1: y as a function of e and M

The value of the y coordinate, when the pericenter lies on the positive x axis, is

L y=an/1- e2 sin(f ), where aisthe semimajor axis. Hereisaplot of y(e, M), witha = 1:

e

lots % &
P displaygesqu

aeE / 2 . 0 0
plotéy/ 1- (.06 k)~ sin('Keplersolve(.06 k, M deg)'), M =0 .. 360, color = mycolorsk+ 13 k=0.. 153

) 0
plot(0, M =0 .. 360, color = black)g labels=["M", "y"]fﬂ
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0.8-
0.6-
0.4-

0.2-

-0.2-
-0.4-
-0.6-

-0.8-

0 20 40 60 80 100120 140 160 180 200 220 240 260 280 300 320 340 360
i M

[ Here are plots of the difference between y(e, M) and y(0, M):

L Kdiff:=(e, M)® A/ 1- e2 sin(Keplersolve(e, M)) - sin(M)
plotsdisplay([seq( plot('Kdiff(.06 k, M deg)', M =0 .. 360, color = rnycolorsk N l), k=0..15)],
labels=["M", "dy"])
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0.6

0.4

0.4

-0.61

0 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300 320 340 360
I M

[ pO0 := plot3d(0,e=0...9,M =0.. 360, color = black)

pl .=
L plot3d('Kdiff(e, M deg)',e=0...9, M =0 .. 360, style = patchcontour, contours = 15, grid =[ 35, 35])

pIOtSdispIade([po’ pl], orientation =[ - 35, 60], labels=["¢", "M", "dy"], lightmodel = light3)
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=l Miscellaneous 2; a different approximation approach

[ solnd := remove( has, [ solve(rhs(ODE), d)], )
d=op(soind)

solnd ;= %

e i 6., 3 0 3 @ e
% i ?gﬂ—f gﬂ—gf(x)— 3f(x)?—3f(x)— g—f(x)— +sqr§
0

11X é) X %) X @ ‘nx o

- 3 0 . 2 @ 2 0

a B T L& d ae‘ﬂ_ = el ocTT N '
8E. 1003 gﬂx 005 3§ 1007 g 002 - 18§ f(x )gg 103 gﬂng(x) f(x)

o ‘ITX x @

3 2 Boxe, 3 0g(1/3) ®
+9f(x) gﬂ—:gf(x)— +6f(x)gﬂ—2f(x)— —gﬂ—sf(x)—— / ﬂ—f(x) g

Tx [} X 7 2efXx o0
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- 18(1- eC)eZSC(x- eS- M)+9(x- eS- M)2e2C2+6(x- esS- M)e3$3)eC)
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2

30 R0 3 o= 2 o3 0O
280 <x)°?— (x)%- g f(xii gg—f(x); 35 (x)Ogﬂ—ﬂx)—?—f(x)—
T e 1 3 a 30 'ﬂx3 ] T e ‘|1x2 ] 'ﬂx3 a
3 ® @2 43 ® B3 0 2 @
- 3f(x)gﬂ—f(x)£ - g—f(x)i + st Sﬂf(x)ggﬂ—f(x)i 3| (x)— gﬂ—f(x)i
'ﬂx3 ] ‘|1x2 a T e 'ﬂx3 a T 'ﬂx2 ]
2 vE3 0 3 o 2 Bz, 3
1888‘” g" f(x)igﬂ—f(x)if(x)+9f(x) gﬂ—f(x)— +6f(x)?—f(x)— —?—f(x)—
‘ﬂx ‘ITX2 /) ‘ITX3 2 ‘|Tx3 P ‘ﬂx2 o0 ‘|Tx3
2
ﬂ—f(x)
2(1/3)2 02
= $- 3
7 Ty
i "
[ Check the solution.
factor(subs(%, ODE))
L f(f)=0
[ Substitute f(x) = x - esin(x) - M.
eval(subs(f(x) = Kepler(x, e, M), solnd))
d=(3(1- ecos(x))ezsin(x) cos(x) - 3(x- esin(x) - M)ezcos(x)z- egsin(x)3+sqrt(
8(1- ecos(x))>ecos(x) - 3(1- ecos(x))> e sin(x)
- 18(1- ecos(x)) €2 sin(x) cos(x) (x- esin(x)- M) +9(x- esin(x) - M) e cos(x)?
(1/3)
+6(x- esin(x)- M) e>sin(x)°) ecos(x)) / (ecos(x)) - (
x
2(1- ecos(x)) ecos(x) - €% sin(x)%) /gecos(x) (3(1- ecos(x)) e sin(x) cos(x)
- 3(x- esin(x) - M)ezcos(x)z- egsin(x)3+sqrt(8(1- ecos(x))3ecos(x)
- 3(1- ecos(x))zezsin(x)z- 18(1- ecos(x))ezsin(x)cos(x)(x- esin(x) - M)
2 2 2 3 3 (173)9 sin(x)
+9(x- esin(x)- M)~ e cos(x)"+6(x- esin(x)- M)e sin(x)") ecos(x)) g- — =
- cos(X)
subs(sin(x) =S cos(x) = C, %)
d=(3(1- €C)€SC- 3(x- €S- M)e2C2- >SS+ syt(8(1- eC)3eC- 3(1- eC)’e
(1/3)

/



e
(eC)- (2(1- eC)eC- eZSZ)/SeC(S(l- eC) e SC- 3(x- eS- M) &€C2- 53+

sart(8 (1 - eC)SeC- 3(1- eC)ZeZSZ- 18(1- eC) eZSC(x- eS- M)
(1/3)2

+6(x- eS- M)e°S)eC) b o

+9(x- eS- M)2e2C2

[ Suppose the eccentricity issmall. Then

expansion(%, e, 1)

1 X8 3sc3x- MycP)e

° Weifecec)t¥ fecc

+i2(5/6)(ﬁ@eC)(1/3)(38C- 3(x- M)CZ) _ §+2(1/3)(ﬁ@e0)(1/3)
eC

12 2.fec C
_ (213)
(2 ecec) 3
B [ Not good.
=] read/save

[ save "d:/dynamics/TimeSeriesOpt/Kepler.m"
[ read "d:/dynamics/TimeSeriesOpt/Kepler.m"

save
p31, p32, p52, p33, p53, p73, P35, PS5, p75, p77, "d:/dynamics/ TimeSeriesOpt/timespan_3D_plots.m"

read "d:/dynamics/TimeSeriesOpt/timespan_3D_plotsm"

?
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